Theory of superconductivity of gravitation and the dark matter enigma 
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In this article, the question of the nature of cold dark matter is approached from a new angle. 
By invoking the Cauchy problem of relativity it is shown how — under very precise astrophysical 
conditions — the Einstein general theory of relativity is formally equivalent to the Ginzburg-Landau 
theory of superconductivity. This fact lead us to suspect that the superconductivity of gravitation 
ought to be a real physical process occurring in the outskirts of galaxies. It is found that quan- 
tum mechanically gravity can achieve a type-II superconductor state characterized by the Gizburg- 
Landau parameter k = 1.5, and it is suggested that a probability flux of Cooper pairs (quantum 
gravitational geons charged with vacuum energy) are directly responsible for the flatness exhibited 
by the rotation curves in spiral galaxies, as well as the exotic behaviour observed in galactic cluster 
collisions. If this hypothesis proves correct, the whole phenomenon of dark matter may count, after 
all, as another triumph for Einstein's theory of gravity. The tension between gravitation and quan- 
tum mechanics is explored further by a subtle consideration of the Hamilton- Jacobi theory of the 
York-time action — providing additional motivation for the above line of reasoning. In particular, 
Penrose's estimate for the rate of collapse of the wavefunction is recovered, and connected to the 
instability of Misner space. 
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I. INTRODUCTION. 



In cosmology — in order to not overthrown Newtonian 
mechanics in the non-relativistic regime (embracing large 
distances and small accelerations y|) — an invisible sub- 
stance has been postulated: the mysterious cold dark 
matter. According to current theories it holds the key 
to unravel the inner workings of the formation and sta- 
bility of the large-scale structure of the universe 0, Q. 
Furthermore, approximately 22.7 ± 1.4% of the cosmos 
total mass-energy density should be in the form of cold 
dark matter Consistency with astrophysical data re- 
quires cold dark matter to be made of electrically neu- 
tral, QCD colourless, massive particles: in a cold[3, 5], 
stable (or long-lived), unexcited state. In particular, 
these hypothetical particles are pictured orbiting the out- 
skirts of luminous galaxies @ and flowing without re- 
sistance in galactic cluster collisions — like the one de- 
tected in the double galaxy cluster IE 0657-558: the 
'bullet cluster'; thus, they must have a negligible non- 
gravitational interaction with ordinary baryonic matter 
or themselvesQ. However, nobody knows for sure their 
exact nature or even if they exists at all, since it has been 
stated that a modification to Newtonian dynamics or 
gravity may account for the same effects [§-[iGt]. The pur- 
pose of this article is to show that the highly non-linear 
Einstein law of gravity is — under very precise astrophysi- 
cal circumstances — formally equivalent to the Ginzburg- 
Landau theory of superconductivity [ill, Ell, throwing 
light on the dark matter enigma. 
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In particular, it is found that quantum mechanically 
gravity can achieve a type-II superconductor state char- 
acterized by the constant k = 1.5. For many years it has 
been speculated [13] that the axionflil ll5T] or the lightest 
supersymmetric particle [H, [l?} (still undetected floO, or 
perhaps a radical departure to: the law of gravitv|19l[2Gi| 
or Newtonian dynamics [2lj, might solve the cold-dark- 
matter puzzle. In contrast, it is found here that the four- 
dimensional Einstein's field equations themselves suggest 
that nonbaryonic cold dark matter might consist of a 
probability flux of Cooper pairs[22]: quantum gravita- 
tional geons [23j charged with vacuum energy, orbiting the 
outskirts of luminous galaxies and modifying the gravito- 
magnetic lines of force. If this hypothesis proves correct, 
and if dark energy turns out to be only a manifestation of 
Einstein's cosmological constant, the whole phenomenon 
of dark matter may count, after all, as another triumph 
for Einstein's theory of gravity. 

Historically, Bryce DeWitt was the first to point out, 
in 1966, a direct connection between gravitation and su- 
perconductivity (in metals), when he showed by calcula- 
tion that the magnetic field inside a mettalic supercon- 
ductor is non- vanishing whenever a Lense-Thirring field 
is present, and that it is the flux of a linear combina- 
tions of the magnetic and Lense-Thirring fields which 
gets quantized in virtue of the Copper pairs[24]. Much 
later, a close analogy between the superconductors of the 
second kind and the Einstein theory of gravity was no- 
ticed by P. O. Mazur, who argued that the spacetime 
around of a 'spinning cosmic string' can be regarded as 
a gravitational analog of the Aharonov-Bohm solenoid 
or Abrikosov vortex [25|. In this analogy, the angular 
momentum per unit length corresponds to the magnetic 
flux, and the mass-energy per unit length corresponds 
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to the charge. Near to the axis of the string, however, 
closed timelike curves appear, exactly at the radius where 
the velocity of frame dragging exceeds the speed of light. 
Nevertheless a quantization rule on the energy of parti- 
cles propagating on this background was found for which 
the spinning string cannot be detected by scattering ex- 
periments. This work lead to a nonrelativistic super- 
fluid condensate model for an emergent spacetime[26|. 
More recently, (holographic) guage/gravity duality argu- 
ments have been applied to obtain a gravitational dual 
description of some aspects of type II superconductivity 
in 2+1 non-gravitational systems [2^. including vortex 
configurations |28| and the Josephson effect [29(. The bulk 
is taken to be a four-dimensional, electrically charged, 
AdS black hole with planar horizon geometry, that de- 
velops non-trivial scalar hair at low temperatures. Such 
physical configuration behaves like a thermal system in 
one lower dimension, where the role of charged conden- 
sate is played by the charged scalar field, and the tem- 
perature of the superconductor is given by the Hawking 
temperature of the black hole. 



In the present article the notion of superconductivity — 
experimentally discovered at 4.12° by Kammerlingh 
Onnes nearly a century ago — is extended into the realm 
of gravitation: not in the form of an analogy, but as a 
basic feature of the quantum physical properties of a dy- 
namical four-dimensional spacetime, resulting in new ef- 
fects with potentially testable consequences, such as the 
formation of quantum vortices and the physics of the 
gravitational Meissner effect. 



The plan of the paper is as follows. In Sec. [IT] a formu- 
lation of the cold dark matter puzzle is presented, which 
promotes revisiting the question of the origin of inertia 
from a quantum mechanical perspective. That the super- 
conducting state of gravitation might be a real astrophys- 
ical process is hinted in Sec. IIHI To support the case, in 
Sec. IIV1 it is shown how under precise circumstances 
the Cauchy problem of general relativity is connected 
with type-II superconductivity. A variational approach 
regarding this central issue is developed in Sec|Vl Fur- 
ther insight is gained in Sec. I VI A[ where Wheeler's old 
conundrum about the origin of the quantum is consid- 
ered, albeit in a modest way. This is done by developing 
mathematical relationships intrinsic to the general theory 
of relativity, which however are subjected to a quantum- 
mechanical interpretation. Indeed, as it will be shown, 
the proposed mathematical scheme drives one ineludibly 
to a crossroad where the two other intricacies of contem- 
porary physics; namely, space-time singularities and the 
measurement paradox of quantum mechanics, converge 
or meet in a subtle way. The implications of the theory, 
in its present primitive stage of development, are consid- 
ered in Sec. I VIII where the basic results are discussed 
and summarised. 



II. THE MYSTERY OF COLD DARK MATTER: 
THE QUANTA OF MASS-ENERGY 'THERE' 
RULES INERTIA 'HERE' 

According to the prevailing view [3(|, at extragalactic 
scales the expanding universe is best think of as con- 
sisting of two parts: One luminous — obeying Newtonian 
mechanics in the limit of slowly moving bodies and large 
distances, and the other dark — which is several times 
more abundant than the first one, and from which the 
formation and stability of the large scale structure of the 
universe rests upon. The quality of being invisible (or 
dark) is bring at front since it is only through its grav- 
itational interaction with other bodies that this hypo- 
thetical form of matter has been (so far) accounted for. 
Thus — in case it exists — it should not have both electric 
charge and QCD colour, but it should posses a local (or 
non-local) mass. Luminous galaxies are pictured as if 
they were embedded in extensive cold dark 'halos' (out 
to 80 kpc in some cases, approximately 5 to 10 times 
more massive than the observed luminous mass[2[, and 
whose structure (density profile) is inferred and tested 
with the help of numerical simulations (3l| ) . This simply 
hypothesis is first and for most based on the observation 
of an anomalous velocity dispersion of galaxies within 
cluster of galaxies [32|, as well as on the non-Keplerian 
motion (the existence of very extensive neighbourhoods 
of constant velocity flow) of hydrogen clouds outside the 
bright parts of spiral galaxies [33( . Curiously enough, the 
velocities involved in these physical processes are highly 
nonrelativistic Q. Furthermore, using gravitational lens- 
ing and X-ray data it has been inferred that, during the 
merger of two galactic clusters, galaxies behave relatively 
simple, in view of the fact that they act as collision- 
less particles that spatially decouple from the fluidlike 
X-ray-emitting intracluster plasma that experiences ram 
pressureQ- Therefore, cold dark matter does not appre- 
ciably interact — except through gravity — with ordinary 
baryonic matter or itself. This can be used as hard ev- 
idence supporting the view that most of the cold dark 
matter in the universe is nonbaryonic, a conclusion which 
is also required to not enter into conflict with primor- 
dial big bang nucleosynthesis [IJ] and the observed resid- 
ual lithium, deuterium, and helium-3 abundances (35l [36j j . 
And it is precisely at this point (as the title of a famous 
short story dictates: 'the garden of forking paths') that 
one might decide to go outside the realm of well estab- 
lished theory: to point out the true identity (or multiple 
identities) of such exotic nonbaryonic particles. In this 
paper we shall try to resist such an impulse, but parti- 
cle physics — through various extensions of the standard 
model — indeed offer such an opportunity by providing us 
with both, a seductive line of thought and a large list of 
cold dark matter candidates: including the lightest su- 
persymmetric particle predicted by R-parity-conserving 
supersymmetry (which if it is not the gravitino, it could 
be either a sneutrino or a neutralino — which are typical 
'WIMPs', Weakly Interacting Massive Particles) and ax- 
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ions (postulated to solve the strong CP puzzle) which are 
pseudo Goldstone-bosons. 

In principle these WIMPs candidates — assuming they 
exist — might be produced in the laboratory or detected 
(through their elastic scattering with nuclei) from the 
halo of the Milky Way that pass through the labo- 
ratory (say located very deep inside a mountain) [37| . 
So far no clear-cut evidence for a WIMP signal has 
been found that has been corroborated by two inde- 
pendent laboratories, although there has been some im- 
provements in the limits for the existence and detec- 
tion of cosmic WIPMs by collaborations such as CDMS- 
II, CoGeNT, CRESST, DAM A/LIBRA, EDELWEISS- 
II, HDMS, ORPHEUS, PICASSO, UK Dark matter, 
WARP, and XENON100— which confront the problem 
of distinguishing true WIMP events from background 
caused by natural radioactivity and cosmic rays, and 
from glitches in their electronics [H, 39]. In principle, 
WIMPs can also be detected indirectly though the obser- 
vation of other particles produce when pairs of WIMPs 
annihilate. In a recent finding, involving collected data 
from the Fermi Gamma-ray space telescope and the anal- 
ysis of seven dwarf spheroidal galaxies in the vicinity 
of the Milky Way (Bootes I, Draco, Fornax, Sculptor, 
Sextans, Ursa Minor, and Segue 1), it was realized that 
generic WIPMs candidates annihilating into bb with mass 
m w less than 40 GeV cannot be dark matter particles |40j. 
demanding a revision of certain claims of WIMP detec- 
tion by underground experiments. 

The axion can be converted into photons by intense 
magnetic fields, this fact has been exploited to impose 
cosmological and astrophysical limits to their mass which 
it is expected to be in the range of 1CU 5 — 10~ 2 eV [4l| . 
Primordial black holes, steril neutrinos, little Higgs parti- 
cles, axinos, and the lightest Kaluza-Klein particle figure 
as other viable cold-dark matter candidates. But let us 
suppose that the above point of view is turned up side 
down, say by rejecting all the way the existence of cold 
dark matter, then one is lead to more radical proposals 
tempering with the very own structure of Newtonian me- 
chanics in the advent of small accelerations (of the order 
of 1.2 x I0~ 10 ms~ 2 ) or with Newtonian gravity at large 
distances [To|, S2|, which however give excellent fits to 
the rotations curves and allow a direct derivation of the 
Tully-Fisher relation. We shall not, however, follow that 
path either. 

Both, the supersymmetric particle hypothesis and the 
nonstandard kinematics, offer a world view that has not 
yet been contradicted — or confirmed — by experiments, so 
the question remains: Does cold dark matter exists at all? 
Keeping as needed the luminous galaxies and cluster of 
galaxies in bound stable states? — or it does not exist, but 
then: How on earth our theories have been misapplied? 

Let us state clearly that we shall stick all the way with 
the basic nonlinear field equations of Einstein's theory 
of gravity. The point of view adopted here is that grav- 
ity has 'a lot' to say about why the quantum theory is 
the way it is. Quantum mechanics is think of as been 



interconnected with — or perhaps even ruled by — gravity 
in a subtle way. This might come as a surprise by the 
easiness one runs into trouble when a direct, tour dc 
force approach, is used to explore a possible a union be- 
tween the two of them, but one should take in mind that 
there are some 'serious' physical questions left aside by 
the mathematical formalism of quantum mechanics: the 
shifty split between micro-macro, reversible-irreversible, 
and quantum-classical, as was unceasingly stressed by Er- 
win Schrodinger (and later on by John Bell) and vividly 
encapsulated by the cat-measurement paradox. Does 
gravity offers a way out to these often ignored 'ontologi- 
cal questions' ? 

In our view, the mystery of cold dark matter is a symp- 
tom of a bigger crisis than the one usually cured by just 
adding a new type of particle: 

The failure of a proper understanding of how the 
quanta of mass-energy 'there' rules inertia 'here.' 

Indeed much is gained by flipping from the dark matter 
perspective to the realm of quantum gravitational phe- 
nomena, since there is now — as Hilbert could have put 
it, "a guide post on the mazy paths of hidden truths," 
for quantizing the gravitational field. "Quantum grav- 
ity is a very tough problem," warned W. Pauli to B. S. 
De Witt 43j: How are we going to unify the strange 
world of Max Born's probability wave amplitudes, tp 's, 
with the peculiarities of the Einstein's four-dimensional 
curved space-time continuum? 

Perhaps we have various clues already: 

There is an electrically neutral, QCD colourless, quasi- 
substance with local (or non-local mass) that is in a cold, 
stable (or long-lived) unexcited state far away of any lu- 
minous zone and strong field; it flows freely ( without re- 
sistance) but only at non relativistic speeds — as if there 
were a limiting velocity that it cannot surpass, it has 
a negligible non- gravitational interaction with ordinary 
baryonic matter or itself. What could it be? 

To cope with the subtleties imposed by the above sce- 
nario let us turn to mathematics since as Max Born 
put it {44]: "when in conflict, mathematics — as often 
happens — is cleverer than interpretative thought." 



III. FROM COLD DARK MATER TO 
SUPERCONDUCTIVITY 

Superconductivity was the expression used by H. K. 
Onnes[45j to describe his discovery of an abruptly lost of 
current resistance in metals at low temperatures, and it 
was shown to be more startlin g th an expected, as new 
properties: the Meissner effect |46j . the quantization of 
fluxpTj. and the ac Josephson effect [48j|. were exposed 
leading to more complete picture of the mechanism re- 
sponsible for superconductivity. The Bardeen-Cooper- 
Schrieffer (BCS) theory, proposed in 1957, provides the 
essential features behind the microscopic explanation of 
superconductivity in metals [22| . It states that if the tem- 
perature of a metal is sufficiently low, then conduction 
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electrons (with opposite momenta and spins) near the 
Fermi surface may become bound in pairs, by an attrac- 
tive force (however small) coming from the interaction 
with the vibrations of the lattice. The mettalic super- 
conducting current is then pictured as being formed by 
the so called Cooper pairs (of zero spin; S = 0) which 
become coherent, i.e. described by the same low energy 
wave function. Historically, the idea of pairing was hinted 
in the works of R. A. Ogg and M. R. SchafrothJU [50|. 

To see how superconductivity and the associated wave- 
particle duality might arise in pure gravity let us list five 
evocative facts: 

First, it is curious and interesting that Rubin's 
discovery — of an almost constant nonrelativistic velocity 
flow v of hydrogen clouds outside the bright parts of spi- 
ral galaxies — smoothly fix the Newtonian gravitational 
potential 4> = —GM/r to a constant value (where M is 
the mass within radius r and v is typically (ref.[6|) of the 
order of 100 — 300 km/s); meaning that 



* = 1 + (20/c 2 ) fa 1 - 2{v/cf 



cte. 



(1) 



over an extended (out to ~ 80 kpc in some cases 0) 
ring-shaped region of space. An astonishing similar con- 
strained dynamics arises in the context of superconduc- 
tivity, where the stiffness of "the wave function results 
from the appearance of an energy gap Ajv"-s (computed 
below) between the energies of the first excited state and 
the ground state [51|. 

Second, it has been known for a long time that in the 
gravitating field of a spherical rotating mass, the geodesic 
motion (in the post-Newtonian approximation) is ruled 
by a Lorentz-like force, where mass plays the role of elec- 
tric charge [52|: 

d dA 

m* — [(1 + cj))v] « m*{V(j>+— )+m*vx (V x A), (2) 



dl l 



here 



and 



dl 



(3) 



A (4) 

The term m*V</f) gives the Newtonian force of gravity, 
p is the local energy density, v is the velocity. In this 
approximation, A is the gravitomagnetic potential and 
H = V x A the gravitomagnetic field. A factor four 
affects the A-formula. Intuitively every mass m* can be 
regarded as a pure imaginary charge, so that masses of 
equal sign attract each other. 



ie*y/l/4ne G. 



(5) 



This way of thinking will prove fruitful later to account 
for some internal symmetries that are present in the the- 
ory when there is a positive cosmological constant. The 



operation of complex conjugation will be used to account 
for its repulsive nature. 



-i^l/Aire Gc 2 



(6) 



Third, it has been acknowledge that the indefiniteness 
of the gravitational action in the path-integral approach 
to quantum gravity implies that the conformal features 
of the metric must be handle with care[53j]. 

Fourth, sure enough, the scheme by H. Wcyl to unite 
general relativity with electromagnetism 54] , when ap- 
plied to the gravitomagnetic potential A, provides a nat- 
ural way to introduce complex numbers in Einstein's the- 
ory: via gauge transformations and conformal scalings 



Aj >-» Aj 



5 M „ y^t exp( — z-)SV' 



(7) 
(8) 
(9) 



where q is some charge and tp an scalar. In Weyl's scheme 
the internal symmetries of the electromagnetic radiation 
field — expressing the interchangeability among the elec- 
tromagnetic potentials that can occur at a single space- 
time point, are regarded as geometrical symmetries — 
expressing the interchangeability of points of spacetime, 
by an appropriated rescaling of the metric. 

Five, in 1998 S. Perlmutter, B. P. Schmidt, and A.G. 
Riess through observations of distant Type la supernovae 
discovered that the universe is expanding at an acceler- 
ated rate[E3, [HB| • The fate of the cosmos hangs; therefore, 
on an unknown physics: 'The one' responsible for giving 



the cosmological constant A < 3 x 10 
nonzero value. 
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its actual 



IV. GRAVITATION AND THE 
GIZBURG-LANDAU THEORY OF 
SUPERCONDUCTIVITY 

In 1950, Landau and Ginzburg introduced their 
semiphenomenological theory for superconductivity 
which is based on the general theory of second order 
phase transitions of Landau[57|. developed around 1937. 
In this theory a sort of macroscopic wave function 
is used as an order parameter (which is finite below the 
transition and zero above it). By 1959, L. P. Gor'kov(58j 
showed how the (GL) equations for superconductivity in 
metals can be derived from the (BCS) equations in the 
case of a short range potential near the critical temper- 
ature of the superconductor (a rigorous and more recent 
mathematical treatment can be found in ref. 59]). The 
complete set of Gizburg-Landau equations of the theory 
of superconductivity is given by the following relations. 
First, the (GL) equation 

2m* i c 
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where it was found experimentally, in the case of su- 
perconductivity in metals, that e* is twice the electric 
charge of the electron; the coefficients a and (3 are mate- 
rial parameters which are deduced from subsequent mea- 
surements and may depend on temperature. Second, the 
Maxwell's equation 

AA = -(4i/c)j s , (11) 

which is satisfied when in a stationary situation the vec- 
tor potential A obeys the Lorentz gauge; and finally an 
expression for j s which reduces to e* times the probabil- 
ity current density: 

hp* p* 2 
j s = — (tf* V *-*V**)-— |*| 2 A. (12) 
lira* m c 

To encompass the various thoughts already expressed, 
about the nature of cold dark matter, into a single math- 
ematical expression, one that is intrinsic to the initial- 
value problem of general relativity (the appropriated set- 
ting for studying the origin of inertia [52J), consider the 
generalisation of the Newtonian scalar potential *f? satis- 
fying the highly non-linear Lichnerowicz equation [sij. ^ 
is set to conformally deform the 'physical' 3-metric g 13 to 
a more primitive one g tJ , taking 

g i3 =^-^gij, (13) 

By construction ^ is positive and no where zero, so it 
might be regarded as a probability wave function describ- 
ing a state of lowest energy: 

The Lichnerowicz equation, introduced to gravitation 
in 1944, is given by 

( - 8A-M|*|" 8 )*+ <- 3) m 
+ (2/3)(T 2 |#| 2 )|*| 2 *- Q|*r 4 * = 0, (14) 

and it is nothing more than the Hamiltonian constrain 
of general relativity written in a clever way [5 2]. M, 
( 3 >R, T, and Q, are respectively the conformal density of 
gravitational-wave effective kinetic energy, the Riemann 
scalar curvature invariant of the conformal 3-space met- 
ric, the York time T (geometrically the trace of the ex- 
trinsic curvature: T = Tr K on a spacelike hyersurface) , 
and the conformal local energy density of ordinary mass- 
energy Q = 2xp- The momentum constrain of Einstein's 
gravity theory is given by 

AV i = 8 7 ri i + (2/3)|*| 6 V i T, (15) 

where Wt stands for the gyrogravitational (or gravito- 
magnetic) vector potential [6ll|: and the operator A is 
defined by[52j 

AV' = Vj(VW j + V S W* - (2/3)g ij X7 k W k ). (16) 

The role of the Lichnerowicz equation (|14p and the mo- 
mentum constrain (1151) is the maintenance of general 



covariance|62j. Remarkably, it is seen that (fl"4|) is ex- 
actly the (GL) equation (TTU)) for superconductivity, and 
([TT]) is similar to ([T5|) . A direct comparison gives some 
very useful relations. Setting 

* = % /pexp(ie6'/2c), (17) 

in Eq. (|14[) we get, collecting the imaginary and real parts 
of the equation, 

( 3) Rp+8v 2 p-Mp- 3 + {2/3)T 2 p 3 -Qp- 1 + Up = (18) 

and 

V • pv = 0, (19) 

where v is the velocity potential and U = — (8 / yfp) Ay/~p 
is related to some sort of compression energy. Take notice 
that the ADM-energy formula [63[ can be used to write: 

E[g] - E[g] = -4,1 V|tt| • dt, (20) 

J oo 

a generalization of the Newtonian Gauss's law. It is read 
directly, from (JTDJ) and ([HI), that 

aoc {3) R and [3 cx (2/3)T 2 |*| 2 . (21) 

Furthermore, we shall see shortly that 

VA73cx-ie. (22) 

Meaning that vacuum energy, which is a source of grav- 
itating field — hence the extra \^\ 2 factor in the r.h.s of 
Eq. (|2T|) — performs as a charge. From this perspective 
the tiny jump in value, from zero to non-zero, of the cos- 
mological constant driving the accelerated expansion of 
the universe is a symptom of the quantisation of charge. 

V. THE PRINCIPLE OF LEAST ACTION AND 
THE SUPERCONDUCTIVITY OF 
GRAVITATION 

The aim of this section is to present how the funda- 
mental laws extending the notion of superconductivity 
into the realm of gravitation can be put in the form of 
a principle of least action, clarifying the role played by 
^ and A in the corresponding superconductivity theory. 
This exercise demands expressing the scalar curvature in 
a new way. To do this suppose that (M, g^ v ) is a glob- 
ally hyperbolic spacetime foliated by Cauchy surfaces E t 
parameterized by a global time function. Now, instead 
of writing down the familiar ADM decomposition for the 
3+1 splitting of the spacetime [6^, consider its 'dual' de- 
fined by the line element 

dSi +3 = g^ydx^dx 11 = —N 2 (cdt + Aidx l ) 2 + a 2 Xikdx 1 'dx k , 

we shall see that in this way the 3-space vector Aj ap- 
proximates better the effects of a gravitomagnetic (or 
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gyrogravitational) potential. Greek indices are used here 
to indicate four dimensional quantities, whereas Latin 
indices are reserved to denote three dimensional ones. 
The conformal transformations symmetries of the 3-space 
metric are followed by inserting the scale factor a(t,x). 
N is a redshift function and c the velocity of light. This 
form for the line element of the spacetime can be fur- 
ther motivate by an important feature of the equations 
governing stationary axisymmetric spacetimes, where in 
that case a transformation between the time and the az- 
imuthal angle coordinate: t — > i(p and ip — > —it leads to a 
conjugate solution of the same Einstein's equations [64(. 

The components of the metric related to this 3+1 split- 
ting of the spacetime (M, g^) are given by 



9^ 



( 9oo 


9ok \ 




V 9m 


9ik J 





_ N 2 —NA k 
~~N 2 Ai a 2 \ ik -N 2 AiA k 



(24) 



The inverse metric reduces to 

oo „0m\ / a - 2 A l A t -N- 2 -A m /a 2 



„M» - [ 9 9 

< I gkO gkm 



where 



-A k /a 2 \ km /a 2 ,( ^ 5) 



X lk \ k3 =5). 



(26) 



The indices in Ai and A h are rise and lowered using \ lk 
and A fej respectively (unless otherwise indicated). No- 
tice that the role of g M „ and g^ v have been inverted if a 
comparison is made with the ADM setting. The induced 
metric hij obtained by constraining the t— coordinate to 
a constant value becomes 



h lk = a 2 \ lk - N 2 AiA k , 



(27) 



(as a side note it is instructive to observe that the Kerr- 
Schild form of the Kerr-spacetime metric reduces to rj^ v + 
where is a null vector and rj^ v is the Minkowski 
metric Q). 

The inverse metric of hij is thus given by 



\ik 2 

(h-iyfc = — + -LN 2 A i A k 
a ar 



where 



(28) 



(29) 



might be viewed as a sort of Lorentz contraction factor. 
In effect, a direct calculation shows that: 



(30) 



The peculiar form of the matrix multiplication 
(h~ 1 ) lk A k j can be used to deduce the determinant of hy, 
which reduces to: 



(det/iy) 1/2 = 7" 1 a 3 (det Ay) 1 / 2 



(31) 



In the system of coordinates given by (|23[) . the unit nor- 
mal h to the submanifold S t obtained by making the 
t-coordinate equal to a constant is given by 



(n°,n k )= 1 (l/N,A k /a 2 ), 
(n , rife) = 7(-l,Aj). 



(32) 
(33) 



The trace of extrinsic curvature K of Y, t (i.e. 
—g^ v (^V^nj,) reduces to 



7 ■ 7 2 iV 2 - 

{a/a){5\ - -t-z-tfAi) (34) 



2cN 



-2Na~ 2 {-/A l ) 



The four dimensional Ricci scalar on the other hand can 
be cast (after some algebraic manipulations) into a sum of 
familiar terms: including the Ricci scalar for the 3-space 
metric Ay, a gravitomagnetic field stress action term 
(Fij — Aj t i — Aij) with its characteristic — and curious — 
sign in front, a FRLW allotment, a Stueckelberg-Proca 
piece, a total derivative term, and the remnant. Thus we 
have the following basic relation 

(3+1) i?(.g) = a- 2 1*>R + 1 'A W A /■,,/■;, 
+6c- 2 N- 2 [(a/ a y + 2(a/a) 2 ] 
-2a^ 2 g v {a t i - c" 1 A l d)(a J - c~ l Aja) 
-Aa- 2 V k [a- 1 (a. k -cr 1 A k d)] 
+4g i i[(c- 1 A i (a/a), j - c~ 2 A % A d {h I a)\ 

(35) 

where a~ 2 A lJ — g u is the physical metric and V fc denotes 
the covariant derivative with respect to the A-metric. For 
simplicity N is taken constant. By examining Eq. (l35|) . it 
is seen that the addition of a cosmological constant (and 
its relation with an imaginary charge) brings the similar- 
ities between gravitation and quantum electrodynamics 
a little bit closer. The gauge transformation 



A k i ^ A' k = A k - d k a(x) 



(36) 
(37) 



leaves invariant the logarithmic derivate 

D' k ln^' = D k lnip (38) 

where D k — d k — (iqA k /ch). To gain some intuition let 
us assume first that 



— p -V^/3Nct 



ip(x) 



(39) 



in Eq. ([33|) . Then, a complex structure in can be 
incorporated by setting 



fl>(sg) = p{x)e ltip(s) 



(40) 



That is, the scale factor splits into a modulus field 
p(x) and a scalar f(x): which can be interpreted as 
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a Goldstone boson field, where (p(x) is identified with 
(f(x) + 27r/e. Inserting (|4"0")) in the Einstein-Hilbert action 



S=(2 X )- 1 /(W J R-2A)(~det 5 ) 1 /2 
and writing 



where 



N(A/3) 1/2 = -it 



= n(q?r 1 G- l/2 c?)N, n e Z, 



(41) 



(42) 



(43) 



a principle of least action S = J C s dt is obtained, where 
L s = ^J N{AetX) 1 ' 2 ht 2 pX^{ V , i -A i ){ip, j -A j ) 



(3) 



Rp-%f?-w h P,k 

N 2 



-2pV fc In \p\V k In \p\ + — \^\i m F l3 F km 

-4ieV fc [p(^-A fe )]W. (44) 



The ih~ x factor multiplying ip or q, and consequently the 
presence of A, has the effect of transforming the classical 
formula (|4ip into a quantum mechanical expression (1441) , 
where several useful parameters — describing the super- 
conducting state of the four-dimensional spacetime — can 
be worked out. 

Varying p in C s , the Lichnerowicz equation 



8A|*| + 2e 2 {Vip - A) 2 \^\ + (3) i?|*| 

0, (45) 



N 2 2 11 



is recovered, where 



\*\=Vp 



(46) 



and the relation F km F km — 2H 2 has been used. A com- 
parison with Eq. (fT4|) gives the contributions to the con- 
formal density of gravitational-wave effective kinetic en- 
ergy M, the York time T, and the conformal local energy 
density of ordinary mass energy Q, respectively: 



\^\- 8 M = 2AN 2 (Vp- A) 2 /3, 
2T 2 /3 = 6A, 

Q = N 2 H 2 /2, 



(47) 
(48) 
(49) 



where we have put the cosmological constant A back. 
On the light of expression (14T1) . it is worth pointing out 
that initial data sets for energy densities and currents are 
scaled as 



P 
j 



(50) 
(51) 



respectively, among other things to preserve the dom- 
inant energy condition (Hp, Itlsj : which implies that[66|. 
"at the classical level, the vacuum must be stable against 
spontaneous matter creation process." 

From C s it is readily seen that if the gravitomagnetic 
field is a pure gauge, the U(l) gauge symmetry becomes 
spontaneously broken when 



where 



p = p s = \V s \ 2 , (52) 



|^|4 = ^2 (3)£ s/18 | e t| 2 = (3)4/ 6A _ (53) 



The last condition characterizes the superconducting 
state of gravitation and requires A ^ 0. 
The continuity equation 



V fe J k = 

is obtained by the variation of ip in C s , giving 



J = -4ATe t2 |*| 2 (V^-A)/2 X ; 



that is, 



2 X L y i 2 ' 



**(^v-|a)*] 



(54) 



(55) 



(56) 



The significance of this is that the superconducting cur- 
rent J might be interpreted as a probability flux of 
Cooper pairs charged with vacuum energy and moving 
with velocity proportional to Vtp — A : Perhaps, the pic- 
ture of a space-time superfluid charged with vacuum en- 
ergy might provide a basis for understanding the exotic 
phenomena observed in galactic cluster collisions 0, and 
in particular the ringlike dark matter structure observed 
in the galaxy cluster CI 0024 + 17 |67|. 

The dynamical momenta —ihVep does not change 
suddenly when a gravitomagnetic vector potential is 
switched on (6^ |. 

Varying A in C s yields 



V k F l k = ^(V l <p-A l ). 



(57) 



The inverse square root of the coefficient on the r.h.s 
of the previous relation gives the penetration depth 



A s = 3(2 ^R s ) 



-1/2 



(58) 



This number measures how the gravitomagnetic field 
decays with distance deep inside a large spacetime- 
superconducting zone — say by a sort of gravitomagnetic 
Meissner effect [5U [69]: it also determines the thickness of 
the surface layer where the superconducting current can 
flow. Expressing the Lichnerowicz equation in the form 



A|M>|=P(|*|), 



(59) 
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FIG. 1: Superconducting currents on a torus surface fol- 
lowing circular orbits. A pair of cross sections of the torus 
have also been depicted. In the interior, the modulus of 
the gravitational potential jv&j is kept nearly constant. The 
thickness of the surface layer where the superconducting cur- 
rent can flow is controlled by the value of penetration depth 
A a = 3(2 ^ i? s ) _1 / 2 . The extension of the Cooper pairs are 
of the order of £ s = \fl {3) R7 1/2 . 



and evaluating dP(\^\)/d\^\ at |*| = |* s |, the correla- 
tion length £ s can be obtained (-A<5|W| = ^~ 2 <5|*|). It 
reduces to 

6 = V2 ^R- 1 / 2 . (60) 

This number measures the extension of the Cooper pair, 
and it is also the distance through which a change will 
spread if a small fluctuation of the superconductor state 
occurs at a given point. 

The energy gap per unit volume Ajv-s between the 
normal state (p = 0) and the superconductor state (p — 
p s ) can be obtained by evaluating the integrand of C s 
©, giving 

A N _ S = 2 1 / 2 !T 1 e- 1 A^ J R3/ 2 . (61) 

This energy gap is related to a critical magnitude H c , of 
the gravitomagnetic field which when exceeded drives the 
spacetime to its normal state; i.e. when the energy cost 
per volume to expelled the gravitomagnetic field N 2 H 2 /2 
is greater than Ajv-s- This leads (for a sufficiently large 
superconducting zone compared with £) the value 

H c = JV-V2p»Ajv-s = drVW^r 1 {3) Rs\- (62) 

It follows that the superconductivity of gravitation is de- 
stroyed in a region when there is a sufficiently strong 
gravitational spatial curvature. Hence, the most prob- 
able place to observe the superconducting phenomenon 
just described is in the outer skirts of galaxies and not 
near a central region where a supermassive black hole 
might be present. Inserting the above values (|58[) and 



(l60l in the dimensionless Gizburg-Landau parameter de- 
fined by k = A s /£ s , it is discovered that the supercon- 
ducting state of gravitation is of the second kind (or type 

n|H,ls3)afl 

k = 1.5 (63) 

is bigger than one. Under this classification also fall 
other substances like niobium, heavy fermionic materials, 
fullerenes, and high-temperatures superconductors. It is 
predicted; therefore, that quantum gravitational effects 
in more severe circumstances may generate stable vor- 
tex lines of minimum flux on the fabric of the spacetime, 
precisely when the strength for an external gravitomag- 
netic field lies between H c \ ~ k H c and H C 2 ~ kH c 
(the Shubnikov phase), which might have important im- 
plications for cosmology. 

The imaginary part of the Lagrangian is a total deriva- 
tive and it does not affect the equations of motion. Nat- 
ural boundary conditions, such as the vanishing of the 
normal component of the current J at the boundary sur- 
face with unit normal n, 

J • n = 0, (64) 

can be found by considering the surface integrals appear- 
ing in the variation of the action principle (|44l) , see also 
FIGffl 

VI. THE QUANTIZATION OF YORK'S TIME 

Let us stress that by Eq. (|48|) the quatization of York's 
time is related to the quantization of the cosmological 
constant A. The spirit of this section is to provoke some 
thought about the relation between quantum mechanics 
and general relativity. Since we shall deal with cavities, 
charges, processes where all the fast things have hap- 
pened and all the slow things not, and the notion of tem- 
perature associated to cosmological horizons, it will be 
instructive to note that all these elements form part of the 
standard setting for the derivation of Planck's radiation 
formula: A hot cavity containing radiation in thermal 
equilibrium. Let us start with a very profound question. 

A. "How come the Quantum?" 

"Of all the obstacles to understand the foundations of 
physics," John Wheeler used to say [7(|, "it is difficult to 
point one more challenging than the question: How come 
the Quantum?" To at least start scratching the surface 
of this mystery we shall consider the Hamilton- Jacobi 
theory of the York-Time action 

S K = - [ KdT, - - I KdYj (65) 

XJt=<S>+(x) xJt=<s>-(S) 

so that we can make more easily a leap from classical 
ideas to quantum ones. Let us focus on the case of a 
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thin-sandwich-spacetime system. Let the interior of this 
spacetime configuration (or hot cavity) be given by a 
strip of de-Sitter spacetime (int M — dS^) whose met- 
ric can be cast into the form: 



ds 2 



c 2 dr 2 



~ 2 ^ 1,2cT 5 lk dx l dx\ 



(66) 



which is the line element of the steady-state universe of 
Bondi, Gold, and Hoyle [7lj]. Let the top (bottom) be 
a 3-space hypersurface of the form £ t _$+/£\ (£ t _$_(£\). 
Thus, from the four dimensional perspective, by (|23)l and 
(|39|) . Aj becomes pure gauge in the neighbourhood of 
each of these hypersurfaces, say Aj = cVj<fr + at the top 
and Aj = cV j<&~ at the bottom. What is important is 
how this quantities are related. Let us introduce a new 
set variables: The time interval 



9 = AT($+(x) - $"(£)) 
and the relative scale factor g defined by 

1 



/A/3-/Vc$-(£)) 



(67) 



/A/3A r c*+(S))^ 

_(68) 

/A/3<S>(x) 



Inserting (|3T|) and ([35)1 in (|65|) . with a — e~ 
it is found that Sk, up to second order of approximation 
in the derivatives of 9 and g, reduces to a simple — but 
remarkable expression, that rests entirely on the funda- 
mental principles of the general theory of relativity: 



S 



K 



5 i i(]-Z 2 g 2 V i 6V j 9-'V i gV j Q) 

E 3 4 

+higher order terms. 



where Z is given by: 

e Ju'/2K B T 



e Jui*/K B T _ i 



E 



a Ju'(n+±)/K B T 



(69) 



(70) 



Notice the conspicuous similarity of Z with the partition 
function of an ideal Bose Einstein gas ("quantum me- 
chanics without quantum mechanics?"). The following 
identifications have been made however: 



(71) 
(72) 
(73) 





-z^-Vl/47re Gc 2 , 
cn 



and 



lu* =t p 1 (c9/2ir£p). 



(74) 



This first relation comes from associated temperature of 
the cosmological horizon. The second relates A with the 
charge eL A itself can also be used to define a natural 
unit of action J , as in the electrogravitic scale (72j. Thus, 
when e\ lets say, is made by hand numerically equal to 



the charge of the electron, J reduces to fi times the fine 
structure constant a ~ 1/137. tp and lp are the Planck 
time and Planck length respectively. 

We shall now proceed heuristically, but later on we will 
provide another argument leading to similar findings. We 
might associate lj* with a discrete portion of energy as 
given by 



E n+ — E n _ — Juj* , 



(75) 



which can be viewed as an extension of Bohr's frequency 
condition. In view of Eq. (1741 . let us take the natural 
step forward of assuming that the time difference 9 is 
quantized: in such a way that, in the proposed period, a 
light ray would girdle an integer number of times as if it 
were to trace a flat circle of radius £p, and explore the 
consequence of this in a little more general situation: say 
when H = V x A doesn't hold globally, which could be 
the case if we add to the physical system a gravitomag- 
netic monopole or other type of topological obstruction. 
For instance, one might assume a 'Dirac string' ending 
in some point inside our spacetime sandwich. Take a 
2-sphere immersed in / x E2, where I represents a suffi- 
ciently long interval of time; then 



flux 



V x A+dfl+ - / V x A-dVL- (76) 



= <j> cV6» • ds 

= lixlpn; n G Z. 

The first line correspond to the flux over a close sphere 
which has been divided into upper and bottom hemi- 
spheres. Using Stokes's theorem the added integrals of 
the first line are converted into a single close path inte- 
gral over the equator. A + and A_ are related by means 
of a gauge transformation. Using our above result about 
the quantization of time one arrives at the third line. 
Which states the quantization of the vortex strength. 
The smallest vortex has circulation 2irlp. The last two 
lines in Eg. (fT6"f can be regarded as a Bohr-Sommerfield 
quantization condition on a completely accessible close 
path[7l] 



pdx = 2nhn. 



(77) 



Alternatively, from (|72p . (fT3"|). and (fT4"|). we might claim 
that it is the cosmological constant the one that has been 
quantized and given in terms of multiplets of a fundamen- 
tal unit of charge: —it. 

The first term in (|69[) can be regarded as a generaliza- 
tion of the relation 



E ( 



(4G)- 



(V$+(f) - V$-(£)) 2 , (78) 



since Eq. (|69p includes an extra weighting factor given by 
g 2 Z 2 . Eq. (|75| was introduced by Penrose in the context 
of the gravitational reduction of the wave packet [74l [75| . 
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Let us see if we can gain some insight from this circum- 
stance. In Penrose's proposal a lump of mass is placed in 
an unstable superposition state (l/v2)(| — > + |+ >)• 
The states: 'here' |— > and 'there' |+ > form a pre- 
ferred basis of states, mysteriously chosen by nature it- 
self (an affair known as the preferred basis problem) . Let 
<& + (ir) and $>~(x) be the gravitational potential energy 
for each of the above states respectively. Notice that in 
(|67|) . ([78)) . and therefore in ([69[l . there is a delicate is- 
sue for making a pointwise identification of two different 
spaces since one must ensure that the principle of general 
covariance is preserved. By instability we mean that the 
linear unitary evolution of states (l/-\/2)(| — > + |+ >) 
is not going to last. "Schrodinger's equation" quoting 
John Belljlg, [77} "is not always right." Then, accord- 
ing to the wave packet reduction scenario, a pure unitary 
evolution is only an approximation, and another piece 
of the quantum mechanical setting sets foot in; namely, 
a non deterministic, time asymmetrical (non-local) law 
of evolution that makes the wave function 'collapse' into 
|— > OR |+ >. Since mass affects the rate of clocks, a 
fuzziness in the description of time is manifest from the 
very beginning by the consideration of such linear super- 
position of states, a blurriness scaling all the way down 
to the Schrodinger equation itself. Following the analogy 
with other quantum unstable systems, Penrose argued 
that Eq is set to capture not only the indefinitcness of 
the energy of the transient state (l/v / 2)(|— > + |+ >) 
but also its lifetime [7811 : 



(79) 



This gives physical meaning to ([781 and (|69p . A cen- 
tral issue that needs to be tackled, however, is the law 
conservation of energy, one of the cornerstones in physics. 
Pioneering work on the subject of (objective) wave packet 
reduction have ran into trouble with this law[79|. But it 
has been anticipated that bringing gravity into the pic- 
ture might fix the problem (no matter how tiny it is). 
To test the prediction of the rate of state reduction given 
by Eq. ([?!?)) ■ and specially to explore whether or not the 
phenomenon of wavefunction collapse is a real physical 
process, Space and Earth base experiments have been 
proposed[8(l [sT|] . We have not succeed yet in provid- 
ing a dynamical formulation for Penrose proposal, but 
perhaps the ideas set forth here can lead, under further 
investigation, to a novel dynamical formulation for the 
gravitational collapse of the wave function. In ref. [82] , it 
is argued that time translation symmetry can be spon- 
taneously broken in such a way that the Schrodinger's 
equation becomes perturbed infinitesimally by a weak 
unitarity breaking field, where the perturbation is as- 
sumed to be due to the influence of general relativity. 

Let us turn now to another argument, and see what 
happens when we in fact invoke quantum mechanics to 
study the equations of motion derived from (|65[) . Are we 
led to similar conclusions? 




FIG. 2: A locally inextendible analytic extension of Misner 
space with topology 1Z x I. The time t runs along the vertical 
axis. The chronology horizon, at t = 0, is depicted by the 
circle at the centre of the diagram and separates region I 
from a causality violating zone: region II. The vertical null 
geodesies = cte. are complete, in contrast the twisted null 
geodesies, pirouetting an infinite amount of times near the 
chronology horizon, are incomplete. 



B. The instability of Misner space 
and the fall of a particle to the centre 



Introducing the variable 



tp ■ 



the metric 



2- 1 J Zd8 = 2- 1 In | tanh(4- x 6l)|, 



ds 2 = —dg 2 + g 2 d 2 ip, 



(80) 



(81) 



can be read off from equation ([rJ9")) . It is the metric of 
the Misner space; that is, Minkowski space with identifi- 
cation under a boost [Hj] . Misner space is a geodesically 
incomplete spacetime with topology 1Z x S , it contains 
close time-like curves (CTC's), and a chronological hori- 
zon at the critical value g = 0, see Fig[5J Changing vari- 
ables (g -t i 1 / 2 ; Lp —> 2~ 1 4>), we get: 

ds 2 =4-\-t- 1 dt 2 +td 2 <j}). (82) 

Setting </>' = <j> — In t in (|82p. the metric reduces to: 

ds 2 =2dtd<f/ + td 2 cj)', (83) 

which is non singular at t = 0. From (|81[) the geodesic 
equations can be cast as 



Q = -£¥>; 
((?</>)' = o. 



(84) 
(85) 
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The second equation can be interpreted as the law of 
conservation of angular momentum; that is 

g 2 l p = £ = cte. (86) 

If i = 0, either p = (for finite tp) or tp — cte (in 
which case g — (3t + g a ). If I ^ 0, writing g = 1/U and 
d/dt = £g~ 2 d/dtp, Eq.(|84|) reduces to U jW — U, leading 
to following solutions: 

_1 = ftna X cosh(^- tp ); (87) 
g- 1 = Ce^f-f^; (88) 
p" 1 = v^ -1 sinh(^ - ip ) (89) 



for timelike, null, and spacelike geodesies respectively; e 
is a constant parameter that can be interpreted as a sort 
of energy. It is negative for the bound states given by 
(|57|) and it is defined by 

e = 2-V-eV)- (90) 

From dHS]) it is seen that null geodesies spiral round and 
round as they approach to the locus of points satisfying 
g = 0. They are divided symmetrically into two families, 
according to the sign of the exponent. In the coordi- 
nate system given by (|53")l . the null geodesies of one of 
the families have been untwisted so that they become 
vertical lines that cross the chronology horizon at g = 0; 
meanwhile the geodesies of other family cannot be analyt- 
ically continued beyond the horizon, and have finite affinc 
length [63, |83| . A symmetric construction can be done 
by setting </)' = (f> — In t instead, where the roles played 
by both families of null geodesies become interchanged. 
This gives two inequivalent, locally inextendible, analytic 
extensions which are geodesically incomplete, see FigJ5] 
A test particle which classically would follow the time- 
like geodesies (|57|) . and therefore it is confined to g ^ 
£>max, can explore larger values than g max by quantum 
tunneling. 

Using (l86l) we can eliminate tp from (|84|) to get an 
inverse quadratic potential (or an inverse cube forced), 
which is singular at the origin (g = 0), i.e. at the chronol- 
ogy horizon: 

g=-d e V- V(g) = -2- 1 fg- 2 . (91) 

The corresponding Hamiltonian is given by 

HV{q) = 2- 1 {(-ihd e ) 2 - t 2 g- 2 ]^{g) = eV(g). (92) 

From the point of view of spectral theory, an inverse 
quadratic singular potential (or cubic force) is special, 
in the sense that it does not belong to the Kato's class, 
and it cannot be regarded as a lower order perturbation 
of the Laplacian: it marks the division of the appear- 
ance of unusual spectral behaviour not present in less 
singular potentials (like the ones that at leading order 
show a power law dependence in g near the origin of 
the form V ~ C'g s , s > —2). Notice that for a non- 
relativistic particle trapped inside a spherical shell of ra- 
dius g, the Heisenberg's uncertainty principle leads to 



an uncertainty in its kinetic energy (K.E.) of the or- 
der of K.E. ~ h 2 /2pp 2 ; thus, in the form of an in- 
verse square law. Potentials with a roughly inverse- 
squared-law type behaviour can be found in the Efi- 
mov effect [8J], in dipole-electron system [85j, in the near- 
horizon physics of some black holes [8tij. and in quantum 
chromodynamics (QCD); for instance, a naive pertur- 
bative analysis with resummed self energy bubbles for 
the gluon propagator yields (according to thermal field 
theory 87]) the following potential for gauge invariant 
sources: V(g) cx g~ 2 er 2moe ', where mo is the Debye 
mass given by m 2 D ~ 3~ l (N + N f )g 2 (T)T 2 ; N, N f , 
g(T), and T being respectively the number of colours, 
the number of flavours, the gauge coupling constant, 
and the temperature: N QCD = 3, N QCD = 6, and 
5 ~l/ln(T/A QCD ). 

For a bound stationary state set 

e = -k 2 . (93) 

Then, it is known that if the constant parameter i (with 
units of action) is larger than some critical value, the 
spectrum of (|92|) is continuous. That is, if 

£ > h/2, (94) 

no matter what negative is the value of the energy we 
choose, a quadratically integrable, continuos, wave func- 
tion which is finite at infinity, and satisfying (|92[) . can 
be found [88, 89]. In contrast, in the hydrogen atom one 
obtains the discrete spectrum found by Niels Bohr. 

Remarkably, as it was noticed in [88[, a bizarre quan- 
tization rule is obtained if one imposes the further re- 
quirement that the state functions for bound states be 
mutually orthogonal: This does not uniquely fix the en- 
ergy levels, it fixes, however, the energy levels relative to 
each other as follows 88] 

e n = -K 2 e~ S ¥ k ; n = . . . , -2, -1, 0, 1, 2, 3, . . . (95) 

An accumulation point sets in for n — > +oo; that is, near 
e = 0. To see all this more closely observe, using (|9"3"j) . 
that a bound-stationary state will obey the Schrodinger's 
equation 

^4 + [-K 2 + t I ]R = 0, (96) 
dg g 

where j 2 = l 2 ftr 2 . That the spherical Hankel function of 
imaginary argument and complex order 

~R = h ip _i(iV=~eg) (97) 
Q 

satisfies (|96|) while not diverging at infinity, where 
P = vV - (1/4) 

and 

h lp ^i{iyf~eg) = 
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2z(-e)2g sinh(Trp) 



sinh(7rp) 



J-ipiiV^eg)]. 



VII. REMARKS AND CONCLUSIONS 



Ji p and J_ip are Bessel functions with the following 



asymptotic rules at infinity [90l 



eg 



DO 



and at the origin of coordinates: 



x sin[pln(i(— e) 



^~|r(l+ Jp )| S inh(7rp) 



e. 



eg 



0. 



(100) 



where T(l + ip) = \T(l + ip)\e 

Precisely for p real (i.e. 7 > 1/2), no matter how neg- 
ative is e ni the wave function remains finite but oscillates 
without limit as g goes to zero. One therefore concludes 
that the 'normal state' corresponds to e n — > —00, where 
the particle becomes confined to a infinitely small region 
near the origin g = 0; hence, it falls to the centre[8!|. The 
scalar product between two of the above eigenfunctions 
is given by 



2inp 



,7rp 



sin [pin |k»/acj|] 



y/K^Kj |r(l + ip)\ 2 sinlr (7175) 



which is zero for i ^ j if phx\ni/ Kj 



(101) 



G Z. 



It follows from (|92j) . the conservation of energy, and 
95|) that at the turning point 



max - 

Qo e 



n G Z. 



Using (|68|). fixing $ H 
inferred that 



(102) 

and going to the large n limit it is 



(103) 



where e -v A / 3Arce ° oc e 

Hence, in the proximity of the accumulation point, 
where e vanishes, it is found that 



2irn/p, 



(104) 



meaning that w* in (|74|) and ([75)) is proportional to n G Z, 
as was naively presume in section fVI Al Alternatively, by 
(|75|) and ([72^1 . this result can also be regarded as a sub- 
tle quantization of charge; hence, of y/A/3. The classical 
instability of Misner space at the chronology horizon sig- 
nifies that for any physically reasonable perturbation the 
spacetime geometry will be radically altered; the com- 
plete detail of the transformation and the way it can be 
related to the wave function collapse scenario, however, 
remains an open question. 



(98) The special theory of relativity made the 'luminiferous 
ether' of Huygens a superfluous entity inasmuch as there 
is no need to appeal for an absolute stationary space in 
which electromagnetic waves propagate at the absolute 
speed c. Thus, "it removed from the ether its last me- 
chanical quality, its immobility" . There was no ether: an 
incompressible, extremely dense, extremely elastic sub- 
(gg^tance that offered no resistance to the passage of matter 
to it. Today we are not free from difficulties and we 
have incorporated an invisible substance — the enigmatic 
cold dark matter — in our theories, which has also some 
striking properties in order to explain some aspects of 
the universe at large scales. When cold dark matter is 
not invoked, theorists resort to modifications of the law 
of gravity or an alteration of the Newtonian dynamics. 
The random fluctuations of the quantum world seem to 
introduce, however, a new class of ether: 'the quantum 
vacuum' whose physical properties can be determined by 
studying the way it reacts under external stimuli (9l|. We 
have argued that it is this feature of the natural world 
that determines the nature of cold dark matter, and that 
there is no need to recur to supersymmetric particles, or 
to the axion, or to abandon the Einstein's field equations 
at large scales; rather, it is proposed that a notion of 
superconductivity in the realm of gravity is the key to 
solve this conundrum, providing also a new context to 
envision the cosmological constant problem: where vac- 
uum energy plays the role of charge. 

According to Sakharov (92[, who based his arguments 
on previous work by Zel'dovich [93[ on the analysis of the 
physics of the cosmological constant: 

"Gravitation may be regarded as the metric elasticity 
of space that arises from elementary particle physics." 

The 'quantum vacuum' associated with the various 
fields and particles must react in a precise manner to 
changes in the curving of space (or to changes in the 
boundary conditions). Thus, expressing first the vacuum 
action as a sum of terms ordered by its degree of nonlin- 
earity in the curvature for a given geometry (with appro- 
priated boundary terms); and secondly, using Sakharov's 
hypothesis to establish the equivalence between, the lin- 
ear term in the curvature of such an expansion and the 
Einstein-Hilbert action: It is concluded that the Newto- 
nian constant of gravity G is a kind of 'elastic constant of 
the metric' whose value is completely determined by ele- 
mentary particle physics and a natural cut off scale [9~ij|. 
Formally it is obtained that G — c 3 / (16irAh J kdk) where 
A is a dimensionless factor of order one, and the diver- 
gent integral is over the momenta of the virtual particles. 
A rough of estimate of G sends the cut off scale to the 
Planckian regime 



k 



cut off 



(c 3 /HG) 1/2 = J"/ pa 1/1.6 x lQ- 33 cm, 



(105) 



marking the limit of applicability of the theory of quan- 
tum fields. If this intuitive insight turned out to be cor- 
rect, it would mean — by comparison with the theory of 
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elasticity — that: Einstein's gravity is not as fundamental 
as one would have been expected, being only an emergent 
aspect of particle physics. The principle of least action 
(|4"4")) inferred in section V strongly support this atomistic 
thinking. 

It must also be admitted, by Eq. (|105p . that it would 
not be a priori justified a direct use of one (or perhaps 
all) of the usual notions of field, particle, space, quantum, 
or time to go beyond the Planckian regime — in case such 
a thing were possible. The history of physics is plagued, 
however, with examples where it is the unification of old 
concepts which led to the extension of its limits of ap- 
plicability. Thus, embracing this perception one naively 
can write Eq. (|105l) as: (~iqc 2 / hG 1 ^ 2 ) cut t off ~ l^- Mean- 
ing that there is somewhere a feature of the space-time 
whose description is given by complex numbers and dis- 
crete structures, which might just control the divergences 
of the theory so that it can be extended its applicability 
a little bit further. Likewise the other elastic constants 
of the metric should form a set of clues for the unifi- 
cation of the geometry with the quantum. And if one 
commits the terrible felony of bringing out the measure- 
ment paradox: by making the bold assumption that the 
phenomenon of wavefunction collapse is a real physical 
process where gravity is involved; then, the original situ- 
ation regarding the status of Einstein's gravity has been 
turned around, and it might, after all, provide us with 
important clues concerning the most basic principles of 
nature. This might be an instance of the oft-repeated 
dictum of Niels Bohr[95|: 

"The opposite of a correct statement is a false state- 
ment. But the opposite of a profound truth may well be 
another profound truth." 

The mathematical formalism presented here seems to 
indicate that quantum mechanics is interconnected with 
gravity in a subtle way, since under precise circumstances 
Einstein's general theory of relativity can be cast as a 
superconductivity theory of the four-dimensional space- 
time; and furthermore, geometrical boundary terms in 
the variational formulation of the theory, like the York- 
Hawking- Gibbons term (2%) _1 J 2K, naturally leads to 
curious relationships closely akin to the Planck's radia- 
tion formula. 

In the present article cold dark matter is linked to 
dark energy: the first was pictured as a quantum macro- 
scopic phenomena, where the spacetime acquires super- 
conducting properties transporting vacuum energy — the 
analog of the electric charge — around galaxies and clus- 
ter of galaxies, while deforming the gravitomagnetic lines 
of force. 

Gravitomagnetism: describing how local inertial 
frames are influenced and dragged by mass-energy cur- 
rents relative to other masses, was predicted in the pe- 
riod of 1896-1916, and discussed even before the advent 
of the complete formulation of the General theory of 
relativity (52J- This effect is so feebly in strength that it is 
not easy to account for it by direct observation of natural 
celestial bodies in our solar system (i.e. Mercury going 



around the Sun, Jupiter's fifth moon circling Jupiter). 
However it has already been detected (the Lense-Thirring 
effect) by the LAGEOS satellites ^ . Furthermore, on 24 
April 2004, the Gravity Probe B spacecraft — equipped 
with superconducting gyroscopes spherical to one part 
in a million, and a star-tracking telescope — started col- 
lecting data about the gravitomagnestim of Earth for al- 
most a year. The climax came on May 2011, the year of 
the centenary anniversary of the discovery of supercon- 
ductivity, when the Gravity Probe B satellite experiment 
announced his final results in complete accordance with 
Einstein's 1916 theory of curved spacetime (97j. Thus, it 
is fair to assert that this approach to the dark matter 
conundrum — originated from the conviction that gravity 
has a lot to say about why the quantum theory is the 
way it is — rest on this well founded aspect of physics. 

Take notice that essential features of the present theory 
appear — albeit in different form, in other approaches to 
the cold dark matter conundrum. For instance, in the 
theory of modified gravity known as TeVeS, proposed by 
J. Bekenstein [10| . it is resorted to a vector and a scalar 
field, as well as conformal deformations of the metric; 
on the other hand, axionic cold dark matter is a theory 
about Pseudo-Nambu-Goldstone bosons. 

Let us point out, that standard (collisionless) cold 
dark matter seems to have problems on small scales: 
due to cuspy central density profile haloes that are in 
conflict with observation of dwarf galaxies [9^, due to 
a delicate issue of the mass growth rates of central 
black holes through the capture of cold dark matter 
particles . Self- interacting Bose-Einstein-condensates 
(BEC) for cold dark matter have been offered as an al- 
ternative, since they can produce galactic halos with con- 
stant density cores. In the case of axionic dark matter, 
it has been argued that the formation of quantum vor- 
tices by the superfluidity of the BEC cold dark matter 
halo is not expected, since axions are effectively non in- 
teracting; vortices howev er will be created in strongly- 
coupled condensates (lOOj. This is a relevant fact since in 
this article some estimates for the formation of spacetime 
quantum vortices have been given. The proposed theory 
also predicts the expulsion of gravitomagnetic fields in 
analogy with the Meissner effect. 

The corresponding microscopic theory of superconduc- 
tivity of the spacetime has not yet been provided. The 
result stands only at a phenomenological level, in terms 
of the Gizburg-Landau equations of superconductivity, 
which however seem to provide a route worth exploring 
for the explanation of a real physical phenomenon occur- 
ring in the outskirts of galaxies. It is worth mentioning 
that the BCS theory was developed almost half a cen- 
tury after the discovery of superconductivity in metals, 
and less than a decade after the appearance of the famous 
paper by Gizburg and Landau. Then, in 1986, by adding 
barium to cryst als of lanthanum-copper-oxide, Bednorz 
and Muller[10l| discovered high-temperature supercon- 
ductivity (HTS) in ceramic materials. The mechanism 
behind HTS, however, is still obscure. Several theoreti- 
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cal schemes to explain HTS has been proposed, includ- 
ing BCS-likc theories (excitonic, plasmonic, magnetic, ki- 
netic), the bipolaron theory, and the resonating valence 
bond theory (RVB). For i nstan ce, in the RVB theory pro- 
posed by P. W. Anderson [l02j |. the fundamental entities 
for making the flow behave as if the electron had broken 
apart into separate particles, one containing its charge 
but having no spin — the holon, and one carrying its spin 
but having no charge — the spinon. Thus, further thought 
will be required as there are serious choices to make to 
propose a reasonable microscopic theory for spacetime 
superconductivity. 

Here we showed that, quantum mechanically, the fabric 
of the spacetime can act as if it were a type II supercon- 
ductor characterized by the Gizburg-Landau parameter 
k = 1.5. This result can be regarded as a direct manifes- 
tation of the wave-particle duality of gravitation. 



"The bucket water experiment illustrating Mach's 
principle here on Earth has gone wild in the heavens, 
the 'swimming pool' where galaxies float apparently is 
not filled with an ordinary classical substance, but with 
a spacetime superfluid, charged with vacuum energy, to 
trick us all." 
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